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Abstract
In this paper, we answer a question of Ganea proving that there exists a space X, without
homological torsion, of cone-length (strong category) 2 such that X × X is also of cone-length 2.
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1. Introduction
The L.S. category of a manifoldM , catM , is a numerical homotopy invariant introduced
by Lusternik and Schnirelmann [10] to get a lower bound for the number of critical points
of a smooth map on M . In general, for a topological space A, Fox [4] defined the L.S.
category of A, catA, as the least integer n ∈ N ∪ {∞} with the property that A may be
covered by n+ 1 open subsets contractible in A. Ganea [7] and Whitehead [15] provide
us with equivalent definitions, often more handy. For example, from Whitehead definition,
we can deduce easily that catB = 1 if and only if B is a co-H-space.
Among the homotopy invariants related to cat, there is the cone-length or strong category
of a space A, denoted by CatA, which is the least integer n ∈ N ∪ {∞} with the property
that A has the based homotopy type of a CW-complex which may be covered by n + 1
self-contractible subcomplexes. Ganea proves in [7] that CatA is the least integer n such
that there are n cofibrations:
Lk→Ak→Ak+1, 06 k < n,
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with A0 = ∗ and An ∼ A. Recently [3], Cornea improves this construction: he shows that
one obtains the same invariant by requiring the spaces Lk to be k-suspensions. Note that
CatA= 1 if and only if A is homotopy equivalent to a suspension.
The strong category can be greater than the L.S. category; indeed, ifA is path-connected
and catA6 n there exists a space H such that Cat(A∨ΣH)6 n [13], and so, by Ganea
characterization of strong category, one has:
catA6 CatA6 catA+ 1.
One of the first examples of space A with catA 6= CatA, was discovered by Bernstein
and Hilton [2]. They found a co-H-space Y (p), for each prime p > 2, which is not a
suspension, that is, a space which has L.S. category 1 and strong category 2.
L.S. category and Strong category verify product formulae:
cat(A×B)6 catA+ catB,
Cat(A×B)6 catA+max{CatB,1}.
The first inequality is due to Bassi (see [4]), the second to Takens [13].
In the first known examples with cat(A × B) < catA + catB and Cat(A × B) <
catA+max{CatB,1} one of the spaces had torsion in homology. For this reason, Ganea
conjectured that cat(Sn×B)= catB+1. This conjecture was disproved recently by Iwase
[5] with a space B of two cells. The analogous problem for the strong category of Sn ×B
remains open.
In fact, we prove here that there exists a space X, without homological torsion, such
that Cat(X × X) < catX + CatX. Ganea believed the existence of such kind of space
and asked [6, Problem 8] if Y (p) × Y (p) can be constructed by attaching a cone over
Y (p) ∨ Y (p), where Y (p) is the example of Bernstein and Hilton quoted above. As we
will explain in Corollary 3.2, this implies Cat(Y (p) × Y (p)) 6 2. Our space X is the
localization at 3 of Y (3), more precisely X is the mapping cone (the homotopy cofibre) of
the map α :S6→ S3, where S3, S6 are 3-local spheres and α is the generator of pi6(S3).
The space X = S3 ∪α e7 is still a co-H-space which is not a suspension, that is, catX = 1
and CatX = 2. Curiously its rationalization agrees with the rationalization of S3 ∨ S7, but
the co-H-structures on X never rationalize as the suspension structure on S3 ∨ S7 [8].
From product formulae one obtains cat(X×X)= 2 and Cat(X×X)6 3.
We prove that Cat(X×X)= 2 by constructing a homotopy cofibration:
M→ΣN→X×X.
This homotopy cofibration comes from the existence of another homotopy cofibration:
Z
u−→ (S3 ∪α e7)∨ (S3 ∪α e7) i−→ (S3 ∪α e7)× (S3 ∪α e7) (∗)
which is constructed in Section 3 using a theorem of Rutter and some properties of
homotopy cofibrations quoted in Section 2.
Notice that for suspensions ΣA, ΣB , the Generalized Whitehead Product of Arkowitz
[1] gives a similar homotopy cofibration:
ΣA∧B W−→ΣA∨ΣB i−→ΣA×ΣB
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which implies that Cat(ΣA × ΣB) 6 2. An open question is the existence of such
homotopy cofibration for general co-H-spaces. A significant progress in this direction was
done by Rutter (cf. Section 2), and Rutter’s results are key points for the construction of
the cofibration (∗).
2. Homotopy cofibrations and Rutter’s theorem
The spaces considered here have the based homotopy type of a CW-complex; all maps
and homotopies preserve the base point. Let A, B be spaces and i :A ∨ B→ A× B be
the inclusion of the wedge in the product. We denote by A∧B the cofibre of i , that is, the
smash product of A and B . We note the identity map as the space to clarify the diagrams.
First of all, we recall that the reduced cone over a space A is A ∧ I , where I denotes
the unit interval with base point 1. We set i0 :A→ A∧ I the inclusion i0(a)= a ∧ 0. Let
µ :A→ B be a continuous map, let Cµ be the mapping cone of µ, Cµ = B ∪µ (A ∧ I).
For any µ we denote by Fµ :A ∧ I → Cµ and by ιµ :B→ Cµ the canonical inclusions.
Notice that Fµ ◦ i0 = ιµ ◦µ, therefore the composite
A× I →A∧ I Fµ→Cµ
is a nullhomotopy for ιµ ◦µ. We abuse notation by considering Fµ as the homotopy from
ιµ ◦µ to ∗.
Recall also that if we have a commutative diagram:
A
µ
i0
B
ιµ
η
A∧ I Fµ
H
Cµ
η∪H
C
the universal property of Cµ provides a unique map (η ∪H) :Cµ→ C such that
(η ∪H) ◦ ιµ = η and (η ∪H) ◦ Fµ =H.
Definition 2.1. Let A µ−→ B and B η−→ C be two maps such that the composite is
nullhomotopic. Let H :A ∧ I → C be a fixed homotopy from η ◦ µ to ∗. We say that
A
µ−→ B η−→ C is a homotopy cofibration of homotopy H , if the map induced by H and
η, η ∪H :Cµ→C, is a homotopy equivalence.
210 L. Fernández-Suárez / Topology and its Applications 102 (2000) 207–218
First of all, we enumerate some of the properties of mapping-cones.
Property 2.2 (The induced map). Consider the homotopy commutative square:
A
µ
φ
B
Φ
A′
µ′
B ′
being K :A× I → B ′ a homotopy from Φ ◦ µ to µ′ ◦ φ. Then there exists a homotopy
commutative diagram of cofibration sequences:
A
µ
φ
B
Φ
ιµ
Cµ
Φ
δ
ΣA
Σµ
Σφ
ΣB
ΣΦ
. . .
A′
µ′
B ′
ιµ′
Cµ′ δ ΣA′
Σµ′
ΣB ′ . . .
Property 2.3 (Mapping cone and smash product). Let A µ−→ B and D ξ−→ D′ be
continuous maps. We have an exactly commutative diagram of homotopy cofibrations:
A∧D µ∧D
A∧ξ
B ∧D
B∧ξ
ιµ∧D
Cµ ∧D
Cµ∧ξ
A∧D′ µ∧D
′
B ∧D′ ιµ∧D
′
Cµ ∧D′
The following theorem of Rutter is a generalization of the Generalized Whitehead
Product of Arkowitz [1].
Theorem 2.4 [12, Theorem 1]. Let A and B be 1-connected spaces, having the based
homotopy type of a CW-complex. Let B be a co-H-space. There are maps w, h and κ
with h a homotopy equivalence and κ homotopic to the identity making commutative the
following diagram of homotopy cofibrations:
B ∧A w B ∨ΣA ιw Cw
h
δ
Σ(B ∧A)
κ
B ∨ΣA i B ×ΣA B ∧ΣA
We present here a sketch of the definition ofw. The details aboutw and the proof of this
theorem can be found in [11] and [12].
Let B be a co-H-space. There exists a split short exact sequence of co-H-spaces:
B
sB

rB
(A∧B)∨B rA∧B
sA∧B
A∧B.
Note that the sections and the retractions depend on the comultiplication of B .
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Consider now the homotopy cofibration:
A
iA−→A×B qB−→ (A∧B)∨B
whose associated co-action is denoted by Ψ , (A ∧ B) ∨ B Ψ−→ΣA ∨ (A ∧ B) ∨ B. The
maps qB and Ψ depend again on the comultiplication of B .
Let w be the composite:
w :A∧B sA∧B−→ (A∧B)∨B Ψ−→ΣA∨ (A∧B)∨B 1∨rB−→ΣA∨B.
The map w :A∧B→ΣA∨B given by Rutter in [11] is homotopic to w.
Remark 2.5.
(i) By Theorem 1 of [12] we can omit the hypothesis on the connectivity in Theo-
rem 2.4 if B is a cogroup.
(ii) By [12, Remark 1.4], the construction of w depends on the comultiplication on
B . Moreover, in our hypothesis the class of w is uniquely determined by this
comultiplication.
(iii) By Theorem 4.4 of [11], if B is a suspension, the map w agrees with the map
defined by Arkowitz in [1].
3. The strong category of (S3 ∪α e7)× (S3 ∪α e7)
For simplicity, we denote by CPk the complex projective space of dimension 2k
localized at 3 and by Sk the sphere of dimension k localized at 3. Otherwise if W has the
based homotopy type of a 1-connected CW-complex, we denote byW(3) the 3-localization
of W [9].
Let α :S6→ S3 be the the generator of pi6(S3). We set X = S3 ∪α e7 the homotopic
cofibre of α.
Theorem 3.1. There exists a 3-local space Z and a map u :Z→X ∨X such that
Z
u−→X ∨X i−→X×X
is a homotopy cofibration.
We know from [13] the existence of a space H such that X ∨X ∨ΣH is a suspension.
Therefore, from Ganea’s characterization of strong category, one gets directly:
Corollary 3.2. Cat(S3 ∪ e7)× (S3 ∪ e7)= 2.
To prove Theorem 3.1 we use the result of Rutter quoted above. We need also some
properties of complex projective spaces. First, recall a well-known result, the link between
ΣCP3 and X:
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Lemma 3.3. There exists a homotopy equivalenceΣCP3 ∼X ∨ S5.
We denote by pi :ΣCP3 → X the composite of this homotopy equivalence and the
canonical projection.
The space Z mentioned in Theorem 3.1 appears in the following decomposition of
X ∧CP3:
Proposition 3.4. There exists a homotopy equivalenceX∧CP3 ∼ Z∨Σ4X where Z is a
3-local space.
We denote by j :Z → X ∧ CP3 the composite of the inclusion and this homotopy
equivalence.
We postpone the proof of Lemma 3.3 and Proposition 3.4 to the end of the section and
begin by the proof of Theorem 3.1.
Proof of Theorem 3.1. LetX∧CP3 w−→X∨ΣCP3 be the map given by Rutter’s theorem
(cf. Theorem 2.4) in the particular case B = S3 ∪α e7 and A= CP3. Recall that we have
then a commutative diagram:
X ∧CP3 w X ∨ΣCP3 ιw Cw
h
δ
Σ(X ∧CP3)
κ
X ∨ΣCP3 i X×ΣCP3 X ∧ΣCP3
where h is a homotopy equivalence and κ is homotopic to the identity map. Let Fw : (X ∧
CP3)∧ I→ Cw be the map induced by w from the reduced cone to the cofibre of w. This
map verifies h ◦ Fw ◦ i0 = h ◦ ιw ◦w= i ◦w.
Let j :Z→ X ∧ CP3 be the map given by Proposition 3.4 and pi :ΣCP3→ X be the
map given by Lemma 3.3.
We define the map u :Z→X ∨X as the composite u := (X ∨ pi) ◦w ◦ j .
Z
j−→X ∧CP3 w−→X ∨ΣCP3 X∨pi−→X ∨X.
We claim that there exists a homotopy equivalence ρ :Cu→X×X, between the homotopy
cofibre of u, Cu = (X ∨X) ∪u (Z ∧ I), and X×X.
Construction of ρ. Let Fu :Z ∧ I→ Cu be the map induced by u from the reduced cone
to the cofibre of u. LetG :Z∧ I→X×X be the compositeG= (X×pi)◦h◦Fw ◦ (j ∧ I)
G :Z ∧ I j∧I−→ (X ∧CP3)∧ I Fw−→Cw h−→X×ΣCP3 X×pi−→X×X.
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SinceG(z∧ 0)= (X×pi) ◦ h ◦Fw(j (z)∧ 0)= (X×pi) ◦ i ◦w ◦ j (z)= i ◦ (X∨pi) ◦w ◦
j (z)= i ◦ u(z), the following diagram is commutative:
Z
u
i0
X ∨X
ιu
i
Z ∧ I Fu
G
Cu
ρ
X×X
Then, there exists a unique map ρ :Cu→X×X such that ρ ◦ ιu = i and ρ ◦ Fu =G.
We have to prove that ρ is a homotopy equivalence. We can construct the map induced
between the homotopy cofibres ρ¯ :ΣZ → X ∧ X and obtain a diagram of cofibration
sequences:
Z
u
X ∨X ιu Cu
ρ
ΣZ
ρ¯
X ∨X i X×X X ∧X
Since the spaces are simply connected CW-complexes, the map ρ is a homotopy
equivalence if and only if ρ¯ is a homotopy equivalence.
Consider now the map (X∧pi)◦Σj :ΣZ→X∧X. Theorem 3.1 follows directly from
the next two lemmas. 2
Lemma 3.5. ρ¯ ∼ (X ∧ pi) ◦Σj .
Lemma 3.6. (X ∧ pi) ◦Σj is a homotopy equivalence.
Proof of Lemma 3.5. Let v :Z→X ∨ΣCP3 be the composite v :=w ◦ j . Consider the
associated homotopy cofibration:
Z
v−→X ∨ΣCP3 ιv−→Cv
of homotopy Fv :Z ∧ I→ Cv . This cofibration establishes a link between u and v.
We construct two maps pi ′ :Cv→ Cu, f :Cv→Cw , such that the following diagram is
commutative:
X ∨ΣCP3 i
X∨pi
X×ΣCP3
X×pi
X ∧ΣCP3
X∧pi
X ∧CP3 w X ∨ΣCP3 ιw Cw δ
h
Σ(X ∧CP3)
κ
Z
j
v
X ∨ΣCP3
X∨pi
ιv
Cv
f
pi ′
ΣZ
Σj
X ∨X i X×X X ∧X
Z
u
X ∨X ιu Cu ρ ΣZ ρ¯
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Construction of pi ′ :Cv→ Cu. Consider the following diagram
Z
v
i0
X ∨ΣCP3
ιv
ιu◦(X∨pi)
Z ∧ I Fv
Fu
Cv
pi ′
Cu
Since Fu(z ∧ 0) = ιu ◦ u(z) = ιu ◦ (X ∨ pi) ◦ w ◦ j (z) = ιu ◦ (X ∨ pi) ◦ v(z), this
diagram commutes. The universal property of Cv implies the existence of a unique map
pi ′ :Cv→ Cu such that pi ′ ◦ ιv = ιu ◦ (X ∨ pi) and Fu = pi ′ ◦Fv .
Construction of f :Cv→Cw . Consider the following diagram
Z
v
i0
X ∨ΣCP3
ιv
ιw
Z ∧ I Fv
Fw◦(j∧I)
Cv
f
Cw
Since
Fw ◦ (j ∧ I)(z∧ 0)= Fw
(
j (z)∧ 0)= ιw ◦w(j (z))= ιw ◦ v(z),
this diagram commutes. The universal property of Cv provides a unique map f :Cv→ Cw
such that ιw = f ◦ ιv and f ◦ Fv = Fw ◦ (j ∧ I).
Commutativity of the middle face. We have to prove that ρ ◦ pi ′ = (X × pi) ◦ h ◦ f ,
and for that we verify that the two maps solve the same universal problem. Take again
G :Z∧ I→X×X asG= (X×pi)◦h◦Fw ◦ (j ∧ I). SinceG◦ i0 = i ◦u= i ◦ (X ∨ pi)◦v,
we have a commutative diagram:
Z
v
i0
X ∨ΣCP3
ιv
i◦(X∨pi)
Z ∧ I Fv
G
Cv
χ
X×X
Then there exists a unique map χ : Cv → X × X such that χ ◦ ιv = i ◦ (X ∨ pi) and
χ ◦ Fv =G.
Therefore, we have the following equalities:
(
(X× pi) ◦ h ◦ f ) ◦ ιv = (X× pi) ◦ h ◦ ιw = (X× pi) ◦ i = i ◦ (X ∨ pi),
(ρ ◦ pi ′) ◦ ιv = ρ ◦ ιu ◦ (X ∨ pi)= i ◦ (X ∨ pi),
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(
(X× pi) ◦ h ◦ f ) ◦Fv = (X× pi) ◦ h ◦Fw ◦ (j ∧ I)=G,
(ρ ◦ pi ′) ◦Fv = ρ ◦ Fu =G.
Then χ = (X× pi) ◦ h ◦ f = ρ ◦ pi ′.
Commutativity of the right face. The right square is obtained from the middle square
by using Property 2.2, all the maps are maps induced between cofibres. We get then
ρ¯ = (X ∧ pi) ◦ κ ◦Σj . From Rutter’s Theorem 2.4 we know that κ is homotopic to the
identity map and so ρ¯ ∼ (X ∧ pi) ◦Σj . 2
Proof of Lemma 3.6. Let Z(3) be the 3-localization of the ring of integers Z. From the
cellular decomposition of ΣZ, X ∧ΣCP3 and X ∧X we get their homology:
H∗
(
ΣZ;Z(3)
)= Z(3)a6⊕Z(3)a10⊕Z(3)b10⊕Z(3)b14,
H∗(X ∧ΣCP3;Z(3))=H∗(ΣZ;Z(3))⊕Z(3)a8 ⊕Z(3)b12,
H∗(X ∧X;Z(3))= Z(3)a′6⊕Z(3)a′10⊕Z(3)b′10⊕Z(3)b′14,
where at , a′t and bt are generators of degree t . We denote by Σj∗ :H∗(ΣZ)→ H∗(X ∧
CP3) and by (X ∧ pi)∗ :H∗(X ∧ CP3)→ H∗(X ∧X) the maps induced in homology by
Σj and by X ∧ pi . With our hypothesis, we have only to verify that (X ∧ pi)∗ ◦Σj∗ is an
isomorphism. Moreover, because these modules are Z(3)-free, we need only to prove that
(X ∧ pi)∗ ◦Σj ∗ is onto.
The map (X∧ pi)∗ :H∗(X ∧CP3)→H∗(X ∧X) is onto because X ∨pi and X×pi are
onto. For degree reasons, we have:
(X ∧ pi)−1∗
(
H∗(X ∧X)
)⊂H∗(ΣZ;Z(3))
and so the composite (X ∧ pi)∗ ◦Σj∗ is onto. 2
Remark 3.7. We proved in Lemma 3.6 that X ∧X is the suspension of Z.
Proof of Lemma 3.3. Consider the localized complex projective spaceCP3 = S2∪% e4∪ϑ
e6, where % :S3→ S2 is the Hopf map and ϑ :S5→ CP2 is the attaching map of the top
cell of CP3. The suspension of CP3 is S3 ∪Σ% e5 ∪Σϑ e7. The suspension of Hopf’s map
Σ% is trivial, when localized at 3, and then ΣCP2 ∼ S3 ∨ S5. The suspension of ϑ cannot
be trivial, and then we have Σϑ = α or Σϑ = 2α. Since 3-locally S3 ∪α e7 ∼ S3 ∪2α e7
we get anyway that ΣCP3 ∼X ∨ S5. 2
Proof of Proposition 3.4. From the homotopy cofibration
S6 α−→ S3 ια−→X
and by using the link between smash product and homotopy cofibrations, we obtain that
S6 ∧CP3 α∧CP3−→ S3 ∧CP3 ια∧CP
3
−→ X ∧CP3
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is a homotopy cofibration. We prove that the cofibre of α ∧CP3, that is X ∧CP3, has the
homotopy type of (S5 ∪ e9 ∪ e9 ∪ e13)∨Σ4X. First, we determine the homotopy cofibre
of α ∧CP2.
Consider the homotopy cofibration S3 %−→ S2 ι%−→CP2. We can construct the following
diagram of homotopy cofibrations:
S9 ∗ S8 S8 ∨ S10
σ1∼
S6 ∧ S3
α∧S3
S6∧%
S6 ∧ S2 S
6∧ι%
α∧S2
S6 ∧CP2
α∧CP2
S3 ∧ S3 S
3∧%
S3 ∧ S2 S
3∧ι%
S3 ∧CP2
σ2∼
S6 ∗ S5 S5 ∨ S7
We denote by σ1 and σ2 the homotopy equivalences induced between the cofibres. The
composite σ2 ◦ (α ∧ CP2) ◦ σ1 :S8 ∨ S10→ S5 ∨ S7 is the sum of α ∧ S2 =Σ2α :S8→
S5 ∨ S7 and of a map σ ′ :S10→ S5 ∨ S7. The cofibre of (α ∧CP2), X∧CP2, has then the
homotopy type of the cofibre of Σ2α+ σ ′.
We have that σ ′ ∈ pi10(S5 ∨ S7) and
pi10(S5 ∨ S7)∼= pi10(S5)⊕ pi10(S7)⊕ pi10
(
ΣΩ(S5)∧Ω(S7)).
The space (ΣΩ(S5) ∧ Ω(S7)) is 10-connected, when localized at 3 we have that
pi10(S5) = 0 [14] and so σ ′ ∈ pi10(S5 ∨ S7) ∼= pi10(S7). Since the homotopy cofibre of
Σ2α + σ ′ has the homotopy type of ΣX ∧CP2 ∼X ∧ (S3 ∨ S5)∼Σ3X ∨Σ5X the map
σ ′ cannot be trivial and so σ ′ ∼ i ◦Σ4α or σ ′ ∼ i ◦ 2Σ4α, where i :S7→ S5 ∨ S7 is the
inclusion map. One obtains then that Σ2α + σ ′ ∼Σ2α ∨mΣ4α for m= 1 or m= 2.
From this result, we can determine the map α ∧CP3. Let ϑ :S5→CP2 be the attaching
map of the top cell of CP3. Recall that Σϑ = α, and so S6 ∧ ϑ = Σ5α :S11→ S8 and
S3 ∧ ϑ =Σ2α :S8→ S5. We can construct a diagram as before:
S11 Σ
5α∨∗ S8 ∨ S10
σ1
S8 ∪ e12 ∨ S10
σ¯1∼
S6 ∧ S5
α∧S5
S6∧ϑ S6 ∧CP2 S
6∧ιϑ
α∧CP2
S6 ∧CP3
α∧CP3
S3 ∧ S5 S
3∧ϑ S3 ∧CP2
σ2
S3∧ιϑ S3 ∧CP3
σ¯2∼
S8 Σ
2α∨∗ S5 ∨ S7 S5 ∪ e9 ∨ S7
Denote by σ¯1 and σ¯2 the maps induced by σ1 and σ2 between the cofibres. These maps σ¯1,
σ¯2 are homotopy equivalences and so the cofibre of the composite σ¯2 ◦ (α ∧CP3) ◦ σ¯1 has
the homotopy type of the cofibre of α ∧CP3, that is, of X ∧CP3.
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The restriction of σ¯2 ◦ (α ∧CP3) ◦ σ¯1 on S10 is the restriction of σ2 ◦ (α ∧CP2) ◦ σ1 on
S10, that is σ ′ ∈ pi10(S7). Let γ be the restriction of σ¯2 ◦ (α ∧CP3) ◦ σ¯1 on S8 ∪ e12, and
so σ¯2 ◦ (α ∧CP3) ◦ σ¯1 ∼ γ + σ ′. We have γ ∈ [S8 ∪ e12,S5 ∪ e9 ∨ S7]. Since S8 ∪ e12 is a
suspension we can decompose:[
S8 ∪ e12,S5 ∪ e9 ∨ S7]∼= [S7 ∪ e11,Ω(S5 ∪ e9 ∨ S7)],
where
Ω(S5 ∪ e9 ∨ S7)∼Ω(S5 ∪ e9)×ΩS7×Ω(ΣΩ(S5 ∪ e9)∧ΩS7)
and so:[
S8 ∪ e12,S5 ∪ e9 ∨ S7]∼= [S8 ∪ e12,S5 ∪ e9]⊕ [S8 ∪ e12,S7]
⊕[S8 ∪ e12,Σ(Ω(S5 ∪ e9)∧Ω(S7))].
We can determine the last two factors using the exact sequence associated to the
cofibration: S11 Σ
5α−→ S8 −→ S8 ∪ e12.
The second one vanished, because we have an exact sequence:
· · · [S8,S7]← [S8 ∪ e12,S7]← [S12,S7] · · · ,
where [S8,S7] = 0 and [S12,S7] = 0.
For the third one, note that Σ(Ω(S5 ∪ e9) ∧ (Ω(S7))= S11 ∪ e15 ∪ e15 · · ·, by cellular
approximation we get that [S8 ∪ e12,Σ(Ω(S5 ∪ e9)∧ (Ω(S7))] = [S8 ∪ e12,S11].
But [S8 ∪ e12,S11] = 0 because we have again an exact sequence:
· · · [S8,S11]← [S8 ∪ e12,S11]← [S12,S11] · · · ,
where [S8,S11] = 0 and [S12,S11] = 0.
Since γ ∈ [S8 ∪ e12,S5 ∪ e9 ∨ S7] ∼= [S8 ∪ e12,S5 ∪ e9], we have γ ∼ i ◦ γ ′ where
i :S5 ∪ e9→ S5 ∪ e9 ∨ S7 is the inclusion map and γ ′ :S8 ∪ e12→ S5 ∪ e9. We get then
γ + σ ′ ∼ γ ′ ∨mΣ4α for m= 1 or m= 2, and so the cofibre of σ¯2 ◦ (α ∧CP3) ◦ σ¯1 has
the homotopy type of the cofibre of γ ′ ∨mΣ4α, that is [S5 ∪ e9 ∪ γ ′((S8 ∪ e12) ∧ I)] ∨
Σ4X. 2
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